Introduction
An important problem in homotopy theory is to classify, up to homotopy, maps between two given topological spaces. This is often a difficult problem even when the spaces involved are wellbehaved spaces such as simply connected compact smooth manifolds. The determination of the set of rational homotopy classes of maps between such spaces is more tractable, thanks to the work of Sullivan [20] . In the special case when the spaces involved are rationally formal in the sense of rational homotopy theory this problem is reduced to studying the graded algebra homomorphisms between their rational (singular) cohomology algebras. See [5: p. 156 ].
Denote by G n,k the complex Grassmann manifold of k-dimensional vector subspaces of C n . It can be identified with the homogeneous space U (n)/(U (k) × U (n − k)) where U (n) denotes the group of n × n unitary matrices. In particular it is a simply connected Hermitian symmetric space of complex dimension k(n − k). Thus G n,k is a rationally formal space [5: p. 162 ]. Our aim in this paper is to establish the following result. Since G n,k ∼ = G n,n−k , we assume that 1 ≤ k ≤ n/2 . Theorem 1.1. Let l, k ≤ n/2 .
(i) Suppose that n ≥ 2l 2 + l − 2, 1 ≤ k < l. Then any continuous map h : G n,l → G n,k is rationally null homotopic.
(ii) Suppose that n ≥ 3k 2 − 2. Then any continuous map h : G n,l → G n,k is rationally null homotopic in any of the following cases: (a) 2 < l < k < 2(l − 1), (b) 1 < l < k, l divides n but l does not divide k.
where degree x i = 2i and I n,k is the ideal generated by (c −1 ) n−k+j , 1 ≤ j ≤ k. Here (c −1 ) j denotes the homogeneous part of the formal inverse of c having (total) degree 2j. The ideal I n,k contains all the elements (c −1 ) j , j ≥ n − k + 1 and c −1 = 1 + (c −1 ) 1 + (c −1 ) 2 + · · · + (c −1 ) n−k ∈ H * (G n,k ; Q)
is in fact the total Chern class of γ ⊥ n,k .
RATIONAL HOMOTOPY OF MAPS BETWEEN COMPLEX GRASSMANN MANIFOLDS
We denote (c −1 ) n−k+j , 1 ≤ j ≤ k, by R j . For n = (n 1 , . . . , n k ) ∈ N k , we set |n| = n 1 + · · · + n k ,
in i , x n = x n1 1 · · · x n k k and c n = |n|! n1!n2!...n k ! . By [8: p. 174 ], we can write R j in the following form R j = n∈N k ,wt n=n−k+j (−1) |n| c n x n .
(2.1)
We shall use Expression (2.1) of R j in our proofs. We recall the following well-known facts about the cohomology algebra of G n,k , which will be used in the proofs of our results:
(1) The homogeneous polynomials R 1 , . . . , R k ∈ I n,k form a regular sequence in the polynomial algebra Q[x 1 , x 2 , . . . , x k ], which means that (R 1 , . . . , R k ) = Q[x 1 , x 2 , . . . , x k ], R 1 = 0 and R j+1 is not a zero-divisor in Q[x1,x2,...,x k ] (R1,R2,...,Rj ) , for 1 ≤ j ≤ k − 1. See [2] . ( 2) The natural imbeddingsî : G n,k → G n+1,k andĵ : G n,k → G n+1,k+1 induce surjectionŝ i * : H * (G n+1,k ; Q) → H * (G n,k ; Q) andĵ * : H * (G n+1,k+1 ; Q) → H * (G n,k ; Q), wherê
The homomorphismî * induces isomorphisms in cohomology in dimensions up to 2(n − k) andĵ * induces isomorphisms in cohomology in dimensions up to 2k.
Next we shall prove a lemma, which we will need to prove the main results of this paper. Throughout this paper, by saying "a graded algebra homomorphism is trivial", we shall mean that it vanishes in positive degrees.
. . , y l ] be a graded algebra homomorphism such that φ(R i ) = 0 for all i = 1, . . . , k. Then φ is trivial.
P r o o f. Since H * (G n,k ; Q) is finite dimensional as Q-vector space, there exists an integer N i such that x Ni i ∈ I n,k for all i, 1 ≤ i ≤ k. Hence (φ(x i )) Ni = φ(x Ni i ) = 0 which implies that φ(x i ) = 0 for all i = 1, . . . , k. Hence φ is trivial.
We recall the following proposition from [8] which will be used frequently in this paper. Then there exist integers m ≥ m 0 and n ≥ n 0 such that m(p − 1) + np = N.
3. Graded algebra homomorphisms from H * (G n,k ; Q) to H * (G n,l ; Q) for k < l In this section we consider the possible graded algebra homomorphisms from H * (G n,k ; Q) to H * (G n,l ; Q) where k < l. We prove that any such graded algebra homomorphism is trivial for sufficiently large n (Theorem 3.8). In order to prove this we show that x l−1 x l occurs in every nonzero homogeneous polynomial of degree at most 2n in I n,l for sufficiently large n (Corollary 3.6). The restriction on n is needed in the course of proving this result.
We also prove that if P i , 1 ≤ i ≤ l, is a nonzero homogeneous polynomial in I n,l of degree 2(n − l + i) then P i contains x i−1 , . . . , x l for n ≥ 2l 2 + l − 2. To obtain these results, we first prove the following proposition. We denote the vector (0, . . . , 1, . . . , 0) ∈ N l , where 1 occurs at the ith position and 0 elsewhere, by e i . Let 1 ≤ c 1 , c 2 , l be integers. For i = 1, . . . , l and s ∈ Q(i), we set
We shall use D i instead of D i (c 1 , c 2 , n, l) and D i,s instead of D i,s (c 1 , c 2 , n, l) to simplify notations.
(1) the sets D i and D i,s are non-empty;
(2) every nonzero homogeneous polynomial of degree 2(n − l + i) in I n,l contains at least one monomial from the set
(2): Let I = I n,l . For fixed 1 ≤ i ≤ l, let 0 = P i ∈ I be a homogeneous polynomial of degree 2(n − l + i). Then
Suppose P i does not contain any monomial from the set Λ i . Case 1: i < l Since n − l + i ≥ n − l + 1 ≥ l(l − 1) + (c 1 + l)(l − 1) + c 2 l, by Proposition 2.3, there exist integers
Observe that max{j : x j divides x s for some s ∈ Q(i)} = i − 1. Therefore comparing the coefficients of x m1 l−1 x m2 l in (3.2), we get that N i = 0. In order to show that N i,s = 0 for all s ∈ Q(i) we order the set Q(i) lexicographically and induct on s. This means that n < m in Q(i) if the first nonzero entry of m − n is positive. This defines a total order on Q(i). Note that the vector e i−1 ∈ Q(i) is the smallest element in Q(i). First we show that N i,e i−1 = 0. Since n − l + 1 ≥ l(l − 1) + (c 1 + l)(l − 1) + c 2 l, again by Proposition 2.3, there exist integers
Comparing the coefficients of x i−1 x m3 l−1 x m4 l in (3.2), we get that N i,e i−1 = 0. Let s ∈ Q(i) be fixed and assume that N i,t = 0 for t < s. Since n − l + i − wt s ≥ n − l + 1 ≥ l(l − 1) + (c 1 + l)(l − 1) + c 2 l, by Proposition 2.3, there exist integers m 5 ≥ c 1 + l, m 6 ≥ c 2 such that n − l + i − wt s = m 5 (l − 1) + m 6 l. Then the monomial x s x m5 l−1 x m6 l occurs in x t R i−wt t implies that t ≤ s. Hence comparing the coefficients of x s x m5 l−1 x m6 l in (3.2) and using the induction hypothesis we get that N i,s = 0. Therefore N i,s = 0 for all s ∈ Q(i) which implies that P i = 0, a contradiction. Hence P i must contain at least one monomial from the set Λ i .
We have
Comparing the coefficients of x m7 l−1 x m8 l in equation (3. 3), we get that
Comparing equations (3.4) and (3.5), we get that N l = 0 = N l,e l−1 .
To show that N l,s = 0 for all s ∈ Q(l), order the set Q(l) lexicographically and induct on s. The same argument, as in Case 1, shows that N l,s = 0 for all s ∈ Q(l). Therefore P l must contain a monomial from the set Λ l .
Taking c 1 = c 2 = 1 in Proposition 3.1, we get Corollary 3.6. Every nonzero homogeneous polynomial of degree at most 2n in I n,l contains a monomial, with nonzero coefficient, that is divisible by
As a consequence we prove the following theorem. This theorem can be viewed as a general property of the cohomology algebra of a complex Grassmann manifold. Theorem 3.7. For fixed 1 ≤ i ≤ l, let P i ∈ I n,l be a nonzero homogeneous polynomial of degree 2(n − l + i). Assume that n ≥ 2l 2 + l − 2. Then, for k = i − 1, . . . , l, P i contains a monomial x n (n depending on k), with nonzero coefficient, that is divisible by x k . P r o o f. We induct on l. For l = 1, 2 the result follows from Corollary 3.6. Assume that for
(Thisf =ĵ * as mentioned in Fact(2) concerning the cohomology algebra of Grassmann manifold.) By Corollary 3.6, P l contains a monomial x n , with nonzero coefficient, that is divisible by x l−1 x l . Hence we may assume that i < l. Then f (P i ) ∈ (R 1 , . . . , R l−1 ) is a homogeneous polynomial of degree 2(n − 1 − (l − 1) + i) ≤ 2(n − 1). We claim that f (P i ) = 0. Suppose that f (P i ) = 0.
Since 0 = P i ∈ I n,l is of degree 2(n − l + i),
Hence by induction hypothesis for each k = i − 1, . . . , l − 1, f (P i ) contains a monomial x n (n depending on k), with nonzero coefficient, that is divisible by x k . Thus P i contains a monomial x n , with nonzero coefficient, that is divisible by x k , for k = i − 1, . . . , l − 1. Therefore using Corollary 3.6, the result follows.
Next we prove the main theorem of this section.
Since φ is a graded algebra homomorphism, max{j : y j occurs in P i } = k. Hence, by Corollary 3.6, P i = 0. Thus we get a graded algebra homomorphism φ :
, we obtain the following straightforward application of Theorem 3.8. An analogous result was obtained in [4: Theorem 1.1] when m − l > n − k and m − l ≥ 2k 2 − k − 1.
We give an example to show that the conclusion of Corollary 3.6 need not be satisfied for smaller values of n, while Theorem 3.8 is satisfied.
Example 3.10. Let n = 6, l = 3. Then
3 is a homogeneous polynomial of degree 12 which does not contain x 3 .
Since x n 1 ∈ I n,1 and x
In particular, any graded algebra homomorphism from H * (G 6,1 ; Q) to H * (G 6,3 ; Q) is trivial. Also, from direct calculations, it follows that any graded algebra homomorphism from H * (G 6,2 ; Q) to H * (G 6,3 ; Q) is trivial.
Graded algebra homomorphisms
In this section we consider the possible graded algebra homomorphisms from H * (G n,k ; Q) to H * (G n,l ; Q) where k > l. Unlike the case k < l, Example 4.1 illustrates that there exist nontrivial graded algebra homomorphisms from H * (G n,k ; Q) to H * (G n,l ; Q) if k > l, l = 1 and k divides n. For k > l, in certain cases, we prove that the only graded algebra homomorphism from H * (G n,k ; Q) to H * (G n,l ; Q) is trivial (Theorems 4.11 and 4.20). However, the problem of determining the possible graded algebra homomorphisms from H * (G n,k ; Q) to H * (G n,l ; Q) remains open for arbitrary k > l.
Now we provide sufficient conditions which will assure the triviality of a graded algebra homomorphism from H * (G n,k ; Q) to H * (G n,l ; Q) for 1 < l < k. We set H * (G n,k ;
(R 1 ,...,R l ) , I = I n,k = (R 1 , . . . , R k ) and I = I n,l = (R 1 , . . . , R l ).
Suppose P k−l+i = 0 for some i ≥ 1. Since n − l + 1 ≥ l(l − 1) + kl + (l + 1)(l − 1), by Proposition 3.1(2), P k−l+i contains a monomial y m1 l−1 y m2 l or y s y m1 l−1 y m2 l , where m 1 ≥ 1, m 2 ≥ k and wt s < i ≤ l, with nonzero coefficient. Since φ(x i ) does not contain a monomial of the form y m1 l−1 y m2 l with nonzero coefficient, P k−l+i contains a monomial y s y m1 l−1 y m2 l with m 1 ≥ 1, m 2 ≥ k and wt s < l. We have
If n l+1 +· · ·+n k ≥ l then for every monomial y s y m3 l−1 y m4 l in φ(x n ), wt s ≥ l. Hence y s y m1 l−1 y m2 l does not occur in the second summand of (4.3). Suppose n l+1 + · · · + n k < l. Since the highest possible power of y l in a monomial in φ(x j ) is k l for all j = 1, . . . , k and φ(x l ) does not contain y l with nonzero coefficient, the power of y l in a monomial in φ(x n ) is ≤ (n l+1 + · · · + n k ) k l < l k l ≤ k. This implies that the power of y l in a monomial in φ(x n ) < k. Hence y s y m1 l−1 y m2 l does not occur in the first summand of (4.3). This implies that φ(R k−l+i ) does not contain y s y m1 l−1 y m2 l , which leads to a contradiction. The following theorem generalizes Theorem 4.2.
PRATEEP CHAKRABORTY -SHREEDEVI K. MASUTI Theorem 4.5. Let 1 < l < k and φ : Q[x 1 , . . . , x k ] → Q[y 1 , . . . , y l ] be a graded algebra homomorphism such that φ(I n,k ) ⊆ I n,l . Suppose (φ(x 1 ), . . . , φ(x k )) ⊆ (y 1 , . . . , y l−1 ). Then φ is trivial if n ≥ 3k 2 − 2.
P r o o f. Let ψ : Q[y 1 , . . . , y l ] → Q[y l−1 , y l ] be a graded algebra homomorphism defined as ψ(y i ) = 0 for i = 1, . . . , l − 2, ψ(y l−1 ) = y l−1 and ψ(y l ) = y l . Let J = (ψ(R 1 ), . . . , ψ(R l )) and h = ψ • φ. As n ≥ 3k 2 − 2, so n ≥ 2l 2 + kl − 2. Hence by Theorem 4.2, it suffices to show that h is trivial. We show that h(R i ) = 0 for all i = 1, . . . , k. Since deg R i < 2(n − l + 1) for i = 1, . . . , k − l and
We claim that Q i contains a monomial y r l−1 y s l with 1 ≤ r ≤ l, s ≥ l.
, by Proposition 2.3, there exist integers r ≥ 1, s ≥ l, such that n − l + i = r(l − 1) + sl. Hence Q i contains a monomial y r l−1 y s l . If r > l, then replace r by r 1 = r − l and s by s 1 = s + l − 1. If r 1 ≤ l then we are done. Otherwise continue as above. This proves the claim.
Note
, a contradiction. Hence |n| ≥ 2k. Since φ(x j ) does not contain a pure monomial in y l and ψ(y j ) = 0 for 1 ≤ j < l − 1, h(x n ) is sum of monomials of the form y m1 l−1 y m2 l with m 1 ≥ 2k > k > l, for a monomial x n occurring in R k−l+i . Hence comparing the coefficients of y r l−1 y s l , where 1 ≤ r ≤ l, s ≥ l in equation (4.6) we get that λ i = 0.
Let i = l. If h(x n ) contains a monomial y r l−1 y s l with nonzero coefficient then r ≥ 2k > 2l. Note that Q l contains a monomial of the form y r l−1 y s l , with 1 ≤ r ≤ l and s ≥ l. Let r 1 = r + l, s 1 = s − (l − 1). Then comparing the coefficients of y r l−1 y s l and y r1 l−1 y s1 l in equation (4.7), we get that
Solving equations (4.8) and (4.9), we get that λ l = λ l = 0. Hence h(R k ) = 0. Therefore by Lemma 2.2, h is trivial. As a consequence we determine the possible graded algebra homomorphisms from H * (G n,k ; Q) to H * (G n,l ; Q) when 2 < l < k < 2(l − 1). Theorem 4.11. Let 2 < l < k < 2(l − 1) andφ : H * (G n,k ; Q) → H * (G n,l ; Q) be a graded algebra homomorphism. Thenφ is trivial if n ≥ 3k 2 − 2.
P r o o f. For i = 1, . . . , k, letφ(x i + I) = P i + I with deg P i = deg x i . Let φ : Q[x 1 , . . . , x k ] → Q[y 1 , . . . , y l ] be a graded algebra homomorphism defined as φ(x i ) = P i . By Theorem 4.5, it suffices to show that (P 1 , . . . , P k ) ⊆ (y 1 , . . . , y l−1 ). Let ψ : Q[y 1 , . . . , y l ] → Q[y l−1 , y l ] be a graded algebra homomorphism defined as ψ(y i ) = 0 for i = 1, . . . , l − 2 and ψ(y i ) = y i for i = l − 1, l. Let h = ψ • φ. Since k < 2(l − 1), P i does not contain monomials of the form y m1 l−1 y m2 l with m 1 + m 2 > 1. Hence h(x i ) = 0 for i = 1, . . . , l − 2, l + 1, . . . , k. Let h(x l−1 ) = ay l−1 and h(x l ) = by l for some a, b ∈ Q. Since deg R i < 2(n − l + 1) for i = 1, . . . , k − l and h(R i ) = ψ(φ(R i )) ∈ (ψ(R 1 ), . . . , ψ(R l )), h(R i ) = 0 for i = 1, . . . , k − l. Since n − k + 1 ≥ k(k − 1) + (k − 1) + k ≥ l(l − 1) + (l − 1) + l, by Proposition 2.3, there exist integers r 1 ≥ 1 and s 1 ≥ 1 such that n − k + 1 = r 1 (l − 1) + s 1 l. Hence comparing the coefficients of y r1 l−1 y s1 l in h(R 1 ), we get a r1 b s1 = 0. Suppose b = 0. Then a = 0. This implies
Since n − l + i ≥ l(l − 1) + (l − 1) + l, by Proposition 2.3, there exist integers r 2 ≥ 1 and s 2 ≥ 1 such that n − l + i = r 2 (l − 1) + s 2 l. Hence comparing the coefficients of y r2 l−1 y s2 l in equation (4.12), we get Solving equations (4.14) and (4.15) we get λ l = λ l = 0. Hence h(R k ) = 0. Note that x sj l occurs with nonzero coefficient in R k−l+j for some 1 ≤ j ≤ l, where s j is a positive integer. Hence comparing the coefficients of y sj l in h(R k−l+j ), we get b = 0, a contradiction. Hence b = 0. Now, as an application of Corollary 4.10, we shall attain another sufficient condition for the triviality of a graded algebra homomorphism from H * (G n,k ; Q) to H * (G n,l ; Q). 
. Letφ : H * (G n,k ; Q) → H * (G n,l ; Q), n ≥ 3k 2 − 2, be a graded algebra homomorphism defined byφ(x i + I) = P i + I , where deg P i = deg x i . Therefore, we get the following graded algebra homomorphismρ
.
Therefore, in order to show thatφ is trivial, by Corollary 4.10, it suffices to show that (P 1 , . . . , P k ) ⊂ (y 1 , . . . , y l−1 ) which is equivalent to the triviality of the mapρ •φ. Let k = el + f and n = e 1 l + f 1 for some integers e, e 1 , f, f 1 , where 0 ≤ f, f 1 < l. Note that, if j is not a multiple of l thenρ •φ(x j + I n,k ) = 0. Letρ •φ(x il + I n,k ) = τ i y i l + (T 1 , . . . , T l ) for i = 1, . . . , e. Also,
Let R t1 , . . . , R ts (s = e or e + 1) be those R i 's which have degrees that are multiples of 2l. Let deg R tj = 2lq j , for j = 1, . . . , s, for some integers q j . Then for j = 1, . . . , s,
Let S j =ρ •φ(R tj ). Then for j = 1, . . . , e − 1. Then θ induces a graded algebra homomorphism from H * (G e1,e ; Q) to H * (G e1,1 ; Q). Therefore, if any graded algebra homomorphism from H * (G e1,e ; Q) to H * (G e1,1 ; Q) is trivial, then the homomorphism in (4.18) is trivial.
For s = e + 1, we obtain the following theorem. Note that if f ≤ f 1 , then the number of R i 's having degrees multiple of 2l is e, i.e. s = e. Thus in order to show thatφ is trivial, from Discussion 4.16, it suffices to show that every graded algebra homomorphism from H * (G e1,e ; Q) to H * (G e1,1 ; Q) is trivial. But, from the existence of a nontrivial graded algebra homomorphism from H * (G e1,e ; Q) to H * (G e1,1 ; Q), we cannot conclude thatφ is trivial.
Proof of Theorem 1.1
At first, we recall a relation between the homotopy class of a map and the homomorphism it induces in cohomology with rational coefficients. Familiarity with basic notions in rational homotopy theory has been assumed. For further details, see [5, 10] .
Let X be any simply connected finite CW complex and let X 0 denote its rationalization. Denoting the minimal model of X by M X , one has a bijection [X 0 ,
where on the left we have homotopy classes of continuous maps X 0 → Y 0 and on the right we have homotopy classes of differential graded commutative algebra homomorphisms of the minimal models M Y → M X . In the case when X = U (n)/(U (n 1 ) . . . × U (n r )) is a complex flag manifold (i.e., when n = r i=1 n i ), then X is a Kähler manifold and hence is formal, that is there is a morphism of differential graded commutative algebras ρ X : M X → H * (X; Q) which induces an isomorphism in cohomology, where H * (X; Q) is endowed with the zero differential. Moreover, it is known that when both X and Y are complex flag manifolds, any continuous map h : X → Y is formal, that is, the homotopy class of the morphism h 0 : X 0 → Y 0 is determined by the graded Q-algebra homomorphism h * : H * (Y ; Q) → H * (X; Q). The above discussion can be written as the following theorem. Any continuous map φ : G n,l → G n,k is rationally null homotopic if 1 < l < k, f > f 1 , n ≥ 3k 2 − 2, where k = el + f and n = e 1 l + f 1 for some integers e, f, e 1 , f 1 such that 0 ≤ f, f 1 < l.
(2) The set of homotopy classes of continuous maps [G n,l , G n,k ] is finite when n, k, l are as in Theorem 1.1 and Remark 5.2(1). This follows from the finiteness of the set of homotopy classes of continuous maps h : X → Y having the same rationalization h 0 : X 0 → Y 0 . See [20: § 12] .
As an application of Theorem 1.1, we get the following invariant subspace theorem. If y ∈ G n,k and x ∈ G n,l and k < l, then it makes sense to write y ⊂ x. PRATEEP CHAKRABORTY -SHREEDEVI K. MASUTI Theorem 5.3. Let h : G n,l → G n,k be any continuous map where n, k, l are as in Theorem 1.1(i). Then there exists an element x ∈ G n,l such that h(x) ⊂ x.
P r o o f. The proof of this theorem is analogous to that of [4: Theorem 1.3] with obvious changes.
Examples
In this section we provide a few examples, which do not follow from Theorems 3. 8, 4.11, or 4.20, where the graded algebra homomorphisms between cohomology algebras of distinct Grassmann manifolds are trivial. We also give examples of nontrivial graded algebra homomorphisms from H * (G n,2 ; Q) to H * (G n,1 ; Q) even if n is not even (see Example 4.1 for n even).
In the following proposition we consider possible graded algebra homomorphisms from H * (G 2m,3 ; Q) to H * (G 2m,2 ; Q). Note that using Theorem 4.20, we can conclude that any such homomorphism is trivial provided m ≥ 13. By direct calculations, we show that any such homomorphism is trivial for m ≥ 3. in φ(R 1 ), we get a 01 = 0.
Case 1: 2m − 2 = 3q for some q ∈ N.
In this case, x q 3 occurs in R 1 with nonzero coefficient. Hence comparing the coefficients of (y 1 y 2 ) q in φ(R 1 ), we get a 11 = 0. Thus (φ(x 1 ), φ(x 2 ), φ(x 3 )) ⊆ (y 1 ). Next we shall prove that φ(R 2 ) = φ(R 3 ) = 0. Suppose φ(R 2 ) = 0. Since φ(R 2 ) ∈ I , by Corollary 3.6, φ(R 2 ) contains a monomial y m1 1 y m2 2 with nonzero coefficient and m 2 > 0, which is a contradiction. Hence φ(R 2 ) = 0. Similarly, φ(R 3 ) = 0. Hence by Lemma 2.2, φ is trivial.
Case 2: 2m − 2 = 3q + 1 for some q ∈ N.
In this case, x 1 x q 3 occurs in R 1 with nonzero coefficient. Hence comparing the coefficients of y q+1 1 y q 2 , we get a 10 a q 11 = 0. If a 11 = 0 then argument as in Case 1 gives the result. Suppose a 11 = 0. Then a 10 = 0. Now, comparing the coefficients of y q+3 1 y q−1 2 in φ(R 1 ), we get a q−1 11 a 2 20 = 0. Hence a 20 = 0. Thus φ(x 1 ) = φ(x 2 ) = 0. Since deg R 2 is not a multiple of 6, φ(R 2 ) = 0. Let
3 ) = (−1) q+1 (a 30 y 3 1 + a 11 y 1 y 2 ) q+1 , comparing the coefficients of y m 2 , in equation (6.2), we get λ = 0. Then comparing the coefficients of y 2 1 y m−1
2
, in equation (6.2), we get λ = 0. Thus φ(R 3 ) = 0. Hence by Lemma 2.2, φ is trivial. in equation (6.3), we get λ = 0. Hence φ(R 2 ) = 0. Therefore comparing the coefficients of (y 1 y 2 ) q+1 in φ(R 2 ), we get a 11 = 0. Then argument as in Case 1 completes the proof.
It may be true that all graded algebra homomorphisms H * (G n,3 ; Q) → H * (G n,2 , Q) are trivial, even if we don't assume n is even; direct computations establish this if n = 7.
In the following example we illustrate that the existence of a non-trivial graded algebra homomorphism between the cohomology algebras of distinct complex Grassmann manifolds depends upon the coefficient field. In Section 4, we gave examples of nontrivial graded algebra homomorphismsφ : H * (G n,k ; Q) → H * (G n,1 ; Q) if k divides n (Example 4.1). In the next example we show that there do exist infinitely many nontrivial graded algebra homomorphismsφ : H * (G n,2 ; Q) → H * (G n,1 ; Q) even if n is not even. We need the following proposition for this purpose. 
